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The basic set up

I K : An algebraically closed field of characteristic zero.
I G = SLm(K ) (any connected, reductive group over K , in

general).
I V : A finite-dimensional G-module; n = dim(V ).
I Weyl: V = ⊕λmλVλ.
I Specify (V ,G) succinctly by giving n = dim(V ), m, and

non-zero mλ’s in unary, and the corresponding λ’s in binary.
I 〈V ,G〉: The total bit-length of this specification. All running

times of the algorithms in this talk will be in terms of this
bit-length.

I K [V ]: The coordinate ring of V .
I K [V ]G ⊆ K [V ]: The subring of G-invariants.
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Finite generation of the ring of invariants

I Theorem (Hilbert)
The ring K [V ]G of invariants is finitely generated.

The first proof [1890]: Non-constructive.
The second proof [1893]: Constructive: the begining of
modern algebraic geometry and invariant theory, and a
landmark in the theory of computation.

I Problem (GENERATORS)
Given (V ,G) as input, construct a finite set of generators for the
ring K [V ]G of invariants.

I Theorem (Hilbert: Reformulation in the modern language)
GENERATORS is computable.

For m = 2 this was shown earlier by Gordan. Prior to
Hilbert, this was open even for m = 3 (i.e., for SL3(K )).
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The history of GENERATORS

I Hilbert [1893]: Computable. No bound on the degrees of
generators or on the running time.

I Popov [1981]: DOUBLE-EXP. The first explict O(nO(m2)!)
bound on the degrees of generators [for an n-dimensional
representation V of G = SLm(K )].

I Derksen [2001]: EXP. O(nO(m2))-degree bound.
I This is the best-possible bound if we represent generators of

K [V ]G in the standard fashion, as polynomials in the
coordinates v1, . . . , vn of V , since the number of generators
can be exponential in n, even for constant m.
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Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding

if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size,

over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V

and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Succinct encodings of generators

Definition (GCT5)
We say that K [V ]G , G = SLm(K ), has a set of generators with
succinct encoding if there exists an algebraic circuit C = C [V ,m]
with rational constants of poly(n,m) bit-size, over the coordinates
v = (v1, . . . , vn) of V and auxiliary variables y = (y1, . . . , yk),
k = poly(n), such that:

1.
C(v , y) =

∑
µ

fµ(v)µ(y),

where µ are monomials in y ,

2. fµ(v) ∈ K [V ]G , and

3. fµ(v)’s generate K [V ]G .

In this case we say that the set {fµ(v)} of generators has a
succinct encoding, in terms of the circuit C = C [V ,m].



Efficient encoding of generators for constant m

Theorem (GCT5)
If m is constant, then GENERATORS ∈ NC ⊆ P, allowing
succinct encoding of generators.

I The succinct encoding is in terms of algebraic (unbounded
fan-in) depth-4-circuits.

I Analogous result holds for any connected, reductive group of
constant dimension.

I The size of the succinct circuit for G = SL5(K ) and
V = Sym5(K 5) is ≥ 10300.
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The history of GENERATORS for constant m

(Degree bound exponential in m)
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(was open even for m=3 before)
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Examples for which GENERATORS is in P, for any m

(1) V = K m ⊕ · · · ⊕ K m (r times), G = SLm(K ):
Follows from the First Fundamental Theorem [FFT] of
invariant theory [Weyl].

(2) [GCT5] V = Mm(K )n, G = SLm(K ) (the adjoint action):
Based on the FFT for matrix invariants [Procesi and
Razmyslov; Formanek].

(3) V = Mm(k)n, G = SLm(K )× SLm(K ) (the left-right action):
Can be proved using the polynomial degree bound for
generators of K [V ]G in this case in Derksen and Makam.

I In all these cases GENERATORS is in NC ⊆ P, because of a
polynomial degree bound for generators of K [V ]G .

I In general, there is only an exponential O(nm2) bound for the
degrees of generators of K [V ]G [Derksen].
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GENERATORS for arbitrary m

Hypothesis (GCT5)
GENERATORS is in P for any m (allowing succinct encoding).

I The depth of the circuit C [V ,m] will be poly(n,m) in general.

I We say that the categorical quotient V //G := spec(K [V ]G)
is an explicit variety in this case.

The hypothesis above is a formal, complexity-theoretic formulation
of the classical problem of invariant theory:

Problem (Weyl: Informal)
Prove FFT (First Fundamental Theorem) for invariant rings, by
writing down an “explicit” set of generators.

We say that an explicit FFT holds for K [V ]G if GENERATROS is
in P.
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Noether’s Normalization Lemma for K [V ]G

I Noether’s Normalization Lemma [Hilbert]: There exists a
homogeneous S ⊆ K [V ]G , with |S| = dim(K [V ]G), such that
K [V ]G is integral over the subring K [S] generated by S.

I Such an S is called an h.s.o.p. (homogeneous system of
parameters) of K [V ]G .

I The problem of constructing an h.s.o.p. is in EXPSPACE,
and in EXPH, assuming Generalized Riemann Hypothesis
[GCT5].

I If we insist on an h.s.o.p. this is the best that we can do.
I However, we can do much better if we do not require
|S| = dim(K [V ]G), and allow |S| = poly(n,m), but instead
insist that S be succinct: this means S can be encoded by a
small algebraic circuit of poly(n,m) bit-size.
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The problem NNL for K [V ]G

Definition (GCT5)
We say that S ⊆ K [V ]G is an s.s.o.p. (a small system of
parameters) if:
(1) [Integrality]: K [V ]G is integral over K [S],

(2) [Succinctness]: (a) the size |S| = poly(n,m), and (b) each
s = s(v1, . . . , vn) ∈ S has an algebraic circuit over v1, . . . , vn,
with rational constants, of total poly(n,m) bit-size.

Problem (NNL)
Given (V ,G), construct an s.s.o.p. for K [V ]G .

Theorem (GCT5)
The problem NNL for K [V ]G is in P, for any finite-dimensional
representation V of a connected, reductive group G, if (1)
GENERATORS is in P, and (2) black-box PIT is in P.
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The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is
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2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)

[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action)

[GCT5+ Derksen-Makam].



The problem NNL for K [V ]G (contd.)

Hypothesis (GCT5)
The problem NNL for K [V ]G is in P, for any finite dimensional
representation V of a connected, reductive group G.

The status of the Hypothesis

Theorem (GCT5)
The problem NNL is in P, for any finite dimensional representation
V of a connected, reductive group G of constant dimension.

Theorem
The problem NNL is

1. in P, for V = Mm(K )n and G = SLm(K ) (the adjoint action)
[GCT5+Forbes and Shpilka].

2. in RP, for V = Mm(K )n and G = SLm(K )× SLm(K ) (the
left-right action) [GCT5+ Derksen-Makam].



The Null Cone Membership Problem for K [V ]G

The null cone N(V ) ⊆ V is the set of points v ∈ V whose
G-orbit-closures contain the origin.

Problem (The Null Cone Membership Problem)
Given (V ,G) and a rational point v ∈ V , decide if v ∈ N(V ).

Problem (The orbit closure intersection problem)
Given (V ,G), and rational points v ,w ∈ V , decide if the
G-orbit-closures of v and w intersect.

These are the weaker white-box variants of the problem NNL:

Theorem (GCT5)
The null cone membership and orbit-closure intersection problems
are in P, for any finite-dimensional representation V of a
connected, reductive group G, if (1) GENERATORS is in P, and
(2) the white-box PIT is in P.
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The Null Cone Membership Problem for K [V ]G (contd.)

Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:

I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant

[GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].

I Holds if V = Mm(K )n, with the adjoint action of
G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K )

[Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],

[Positive char: GCT5][2017].
I Holds if V = Mm(K )n, with the left-right action of

G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K )

[Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW;

Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]

[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT]

[Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]:

This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



The Null Cone Membership Problem for K [V ]G (contd.)
Hypothesis (GCT5: M2012)
The null-cone membership and orbit-closure intersection problems
are in P, for any finite dimensional representation V of a
connected, reductive group G.

The status of the hypothesis:
I Holds if dim(G) is constant [GCT5][2012].
I Holds if V = Mm(K )n, with the adjoint action of

G = SLm(K ) [Char 0: GCT5 + Forbes and Shpilka][2012],
[Positive char: GCT5][2017].

I Holds if V = Mm(K )n, with the left-right action of
G = SLm(K )× SLm(K ) [Char 0: GGOW; Arbitrary char:
DM,IQS.][2015]
[A concrete application of GCT] [Earlier talks]: This special
case of the GCT hypothesis above implies a polynomial time
algorithm for non-commutative rational identity testing.



Summary of the algorithmic challenges in GCT5

I Hardest (not covered in this talk): Show that the problem
NNL for general explicit varieties is in P. This is equivalent to
an algebraic geometric strengthening of a weaker form of
Valiant’s VP vs. VNP conjecture.

I Much easier: Show that NNL for the ring of invariants
K [V ]G (equivalently, categorical quotients V //G) is in P.

I Even easier: Show that the problem GENERATORS for
K [V ]G is in P.

I Easiest: Show that the orbit-closure intersection and
null-cone membership problems are in P, for any finite
dimensional representation of a connected, reductive group.

I Limitation of the analytic techniques studied in this workshop
[algorithmic challenge for these techniques]: Show that NNL
for the left-right action is in RP using the analytic techniques.
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Thank you.


