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Nonlinear Schrodinger Equation

e Nonlinear Schrodinger Equation:

(NLS) {i@tu +Au=[ufu, R orT, wu(t,z)eC

u(0) = ug

e Limit of the quantum dynamics of many-body systems, model in
nonlinear optics, water waves

o Energy and mass conservation:
1 2, 1 4
E(u(t)) : = 5 [Vu(t, z)|* + 1|u(t,x)| dx = E(u(0)),

M(u(t) : = / fut, 2)|2dz = M(u(0))

e If d =1, NLS is completely integrable = all integer Sobolev norms stay
bounded in time
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Nonlinear Schrodinger equation on T=

Bourgain (1993): If u(0) € H*(T?) with s > 1 = there exists a unique
global-in-time solution such that u(t) € H® for all ¢

Question: what is the behavior of solutions as t — co?

o Bourgain (1996), Staffilani (1997): [Ju(t)||gs < Ct¢E—1 ast — oo

Further question: Is there any solution u such that sup, ||u(t)|| g = co?
What would be the rate of growth?

Conjecture (Bourgain): ||u(t)||gs < t°]|u(0)| g for all e >0



Forward energy cascade

o “forward energy cascade”: energy moves from lower frequencies to higher
and higher frequencies

e growth of high Sobolev norms captures the energy cascade
tlg&”u(t)HH = tlggo 14€) Ful(t, &) ||L2 oo for s large
@ in the physical space: dynamics moves to smaller and smaller scales
causing a chaotic behaviour

e growth of high Sobolev norms is the minimal necessary condition for weak
turbulence theory

e weak turbulence is the out-of-equilibrium statistics of random waves, it
appeared in plasma physics, water waves (Zakharov (’60s))



Partial results

Bourgain (1995, 1996): infinite time growth for examples of NLS and
NLW (specific nonlinearity or specific perturbation of the Laplacian)

Kuksin (1997): finite time growth for cubic NLS on T¢, d = 1,2,3 with
small dispersion

CKSTT (2010): Cubic NLS on T?: For any s > 1, ¢ < 1, K > 1 there
exists a solution u(¢) and T' > 0 such that

[u(0)|| s < & while [|u(T)| s > K

Hani (2011): infinite time growth for NLS on T? with a truncated cubic
nonlinearity

Hani, Pausader, Tzvetkov, Visciglia (2013): infinite time growth for cubic
NLS on R x T?, d =2,3,4

Guardia, Kaloshin (2012): |Ju(t)||gs > Kl|uo||gs for 0 < T < K¢



Cubic half wave equation

@ Cubic half wave equation:

(NLW) {iatv —|Dlv=[v]*v, z€R, w(t,z)eC

v(0) = v
where F(|D|v)(&) = [£]Fv(§)

e Majda, McLaughlin, Tabak (1997): one dimensional models of weak
turbulence:

idyv — | D[ = |D|*ﬂ/4(||D|*ﬂ/4v|2|D|*5/4v>, 0<a<l
e For vy € H*(R), s > 4, NLW has unique global-in-time solution such that
v(t) € H® for all ¢

e Pocovnicu (2011): CKSTT-type of result: For any s > 1, § < 1 there
exists a solution v(t) of NLW on R such that

1 1
[0(0) |2+ < 8, while [o(T)||z= > 5 for T = (3) WEL (D)



Resonant dynamics of NLW

e Birkhoff normal form /Renormalization group method yield the resonant
dynamics

1€ = &) +1&2] — €3] =0
§*§1+§2*§3:0

= &, 61,8, & have the same sign

@ Resonant dynamics - Szeg6 equation:
0 = T (Jul?u), where F(IL, f)(€) = LeoF/(€)

@ Szegl equation was introduced by P. Gérard and S. Grellier in 2008

o Approximation result: NLW and Szeg6 equation with the same initial
condition vy = ug € HY, of order ¢. Then:

. 1 1
v(t) — e Pyt s < Ce? aslong as 0 < ¢t < — log —
g2 €



Szego equation

o Hamiltonian equation in L2 (R) corresponding to E(u) = [ |u[*dz
e globally well-posed in HS, s > 1: |u(t )H < C for all t

e Gérard, Grellier (2010): complete integrablhty - Lax pair:

OH, = By, H,], where H, f = 1, (uf) Hankel operator

e conservation laws: ||H! tullr2 < [Jul/f.. < ||uH , foralln e N
HY

o explicit formula for solutions in term of the spectral data

e Pocovnicu (2011) ; infinite time growth of high Soblev norms:

If w(0) = z«lm - x+21’ then

alei¢l(t) 1 a2€i¢2(t)
t,x) = —. :
ube) = T T T e Tt &

lw(®) |z ~ 2571 & o0 as t — 00.

o key idea: H,, has a double eigenvalue



From Szeg6 equation to NLW

o Gérard, Grellier (2013): Szeg6 equation on T

all solutions are quasi-periodic = no unbounded orbits
o Growth for Szegé + Approximation = relative growth for NLW:

1 1 1
[0l =, Jo(®)la 2 log = for t = 5 log =

e Scaling invariance of NLW (L2-critical) = CKSTT-type of growth

e Work in progress (with Gérard, Lenzmann, Raphaél): saturation of the

growth of high Sobolev norms = information after the growth time

e Open question: growth of high Sobolev norms for the 1-dimensional
models of Majda, McLaughlin, and Tabak



