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Langlands philosophy

Let G be a reductive group over a field F , e.g., GL(n), Sp(2n), SO(2n+1).

1. F is a local field of characteristic zero, e.g., R,C,Qp.

{local Langlands parameters of G} oo // {representations of GF}

2. F is a global field of characteristic zero, e.g., Q.

{global Langlands parameters of G} oo // { automorphic forms of G }

Automorphic forms are the spectrum of L2(XG ,F ) with respect to the
action of

GAF =
∏
v

GFv .

In particular, they are all unitary!
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Langlands parameters

I F is either local or global, LF is the "Langlands group" with a
projection LF →WF .

I Ĝ is the complex dual group of G , e.g.,
G = Sp(2n), Ĝ = SO(2n + 1,C).

I LG is the Langlands dual group, i.e., LG = Ĝ oWF .

Langlands parameters are Ĝ -conjugacy classes of

φ : LF //

!!

LG

}}

WF
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Langlands parameters are Ĝ -conjugacy classes of
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Local Langlands correspondence

Conjecture (LLC)
F is local, there is a "natural" way to associate each Langlands parameter
φ with a finite set Πφ of irreducible admissible representations, such that

Πirr (GF ) =
⊔
φ

Πφ.

We call Πφ local L-packets.

Some known cases of LLC:

I GL(n): Harris-Taylor, Henniart
I Sp(2n),O(n): Arthur
I U(n): Mok, Kaletha-Minguez-Shin-White
I GSp(2n), GO(2n) ("up to twisting"): my thesis
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Global Langlands correspondence

F is global,

LF
φ
// LG

LFv

OO

φv // LGv

OO

By LLC,
φ −→ Πφ := ⊗′v Πφv

called global L-packet.

Problems:
I Πφ may not be unitary.
I Πφ do not give all automorphic forms. e.g., CAP forms

Arthur’s idea: enlarge certain unitary local L-packets, which will be called
local Arthur packets.
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Arthur packet
F is either local or global,

{Arthur parameters of G} �
�

// {Langlands parameters of G}

{ψ:LF×SL(2,C)→LG
bounded on LF

}/Ĝ − conj

ψ 7→φψ

33

φψ(u) = ψ

(
u,

(
|u|1/2

|u|−1/2

))
, u ∈ LF

Conjecture (LLC+Arthur)
F is local, there is a "natural" way to associate each Arthur parameter ψ
with a finite set Πψ of irreducible unitary representations, such that
Πψ ⊇ Πφψ , and Πψ = Πφψ if ψ is trivial on SL(2,C). Such sets are called
local Arthur packets.

Remark
I Local Arthur packets do not give classification of irreducible unitary

representations and they can have intersection with each other!
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GLC+Arthur
F is global, Πψ := ⊗′v Πψv , called global Arthur packet.

Conjecture (GLC+Arthur)
Automorphic forms are contained in⋃

ψ

Πψ.

Some known cases of (local and global) Arthur packets:

I GL(n): Moeglin-Waldspurger
I Sp(2n), O(n): Arthur, Moeglin
I U(n): Mok, Kaletha-Minguez-Shin-White, Moeglin
I GSp(2n), GO(2n): Xu (in progress)

Remark
The global Arthur packet Πψ comes naturally from the stabilized form of
the Arthur-Selberg trace formula. But we do not know the local nature of
Arthur packet.
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Inner structure of Arthur packet

Example
F is Qp, G is Sp(2n).

0 1 2 3 4 5 6 7 8 9

L-packet

0 1 2 3 4 5 6 7 8 9

Arthur packet

If there are no intersections, the packet structure is completely known by
Moeglin. If there are intersections, it is still a mystery!
Problem: what is the combinatorics involved in computing local Arthur
packets?
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